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Abstract
Emergent phenomena are unusual because they are not obvious consequences of the design of the systems in which they appear,
a feature no less relevant when they are being simulated. Several systems that exhibit surprisingly rich emergent behavior, each
studied by molecular dynamics (MD) simulation, are described: (i) Modeling self-assembly processes associated with virus growth
reveals the ability to achieve error-free assembly, where paradoxically, near-maximum yields are due to reversible bond formation.
(ii) In ﬂuids studied at the atomistic level, complex hydrodynamic phenomena in rotating and convecting ﬂuids – the Taylor–
Couette and Rayleigh–Be´nard instabilities – can be reproduced, despite the limited length and time scales accessible by MD.
(iii) Segregation studies of granular mixtures in a rotating drum reproduce the expected, but counterintuitive, axial and radial
segregation, while for the case of a vertically vibrated layer a novel form of horizontal segregation is revealed.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Organizing Committee of CSP 2014 conference.
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1. Introduction
Computer simulation provides an ideal framework for studying emergent phenomena, a class of problem where
the behavior may appear more complex than warranted by the elements that form the system. The results of such
simulations often prove surprising, either because the behavior is totally unanticipated, or because behavior occurring
in the macroscopic world might not be expected to appear at the length and time scales accessible to simulation.
Several case studies involving emergent behavior will be discussed. Since the work covers a number of non-
overlapping ﬁelds, with only emergent behavior as the common feature, brief descriptions of the problems and
methodology will be given here, and the reader is referred to the original articles for more complete discussion,
including background information and quantitative results. Here, the outcomes of the diﬀerent studies are summa-
rized by images taken from actual simulations; given the complexity of the phenomena involved, images play an
important role in understanding what actually occurs in each of the systems.
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Fig. 1. Final states of self-assembly simulations involving triangular (Rapaport, 2008) and trapezoidal (Rapaport, 2012) particles; solvent atoms
are rendered semitransparently.
The examples, all taken from the author’s work and involving MD simulation, are as follows: (i) Supramolecular
self-assembly, in which suitably-shaped molecules spontaneously assemble into polyhedral shells, behavior related
to the growth of the protein shells encapsulating spherical viruses. (ii) Flow instabilities in ﬂuids treated at the
atomistic level, namely the Taylor–Couette and Rayleigh–Be´nard eﬀects, leading to complex structured ﬂow patterns.
(iii) Various forms of spatial segregation occurring in mixtures of granular particles with diﬀerent sizes or surface
roughness, namely axial and radial segregation in a rotating drum, and horizontal segregation in a layer on a vertically
vibrating base with sawtooth grooves.
2. Self-assembly
The processes responsible for self-assembly at molecular scales are very diﬀerent from those of the macroscopic
world, due to the important eﬀect of thermal ﬂuctuations. A well-known example is the formation of the protein
shells encapsulating the genetic material of spherical viruses (Hagan, 2014); the shells obey icosahedral symme-
try and are assembled from multiple copies of one or a small number of diﬀerent protein units, requiring minimal
construction speciﬁcations. MD simulation aims to follow the shell assembly pathways and predict the nature of
partially-assembled structures, information not normally available experimentally.
The simpliﬁed particles used in the simulations represent the two main features of the shell proteins, namely their
shapes and the interactions responsible for bonding, without becoming involved in the complexities of the actual
proteins. An atomistically modeled solvent is also included because of the role it plays in the dynamics of bond
formation and breaking. The required MD techniques are described in Rapaport (2004).
The principal outcome of the simulations is the observation that self-assembly consists of a cascade of reversible
stages, with a distinct preference for low-energy intermediate states. These lead, eventually, to an unexpectedly high
proportion of complete shells; paradoxical though it may seem, reversible bond formation is the key to success. Fig. 1
shows the ﬁnal states of two systems, one where triangular particles form icosahedral shells (Rapaport, 2008), the
other where trapezoidal particles form 60-faced T=1 shells (Rapaport, 2012) that are characteristic of small spherical
viruses. In viewing the ﬁgures it should be noted that the systems have periodic boundaries, meaning that com-
plete shells that cross boundaries appear fragmented. The ﬁnal state of each system consists essentially of just two
components, a near-maximal number of complete shells and a relatively small number of unbonded monomers.
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3. Atomistic ﬂuid dynamics
Theoretical ﬂuid mechanics generally ignores the atomistic nature of ﬂuids, a simpliﬁcation that is readily justiﬁed
in many instances; the same holds true for computational ﬂuid dynamics, which is mostly just a discretized version
of the continuum problem. However, to bridge the gap between the traditional continuum ﬂuid representation and
the actual molecular constituents it is necessary to focus on the latter. The MD approach is ideal for such studies,
although the computational eﬀort limits the size of the systems that can be treated as well as the period of time over
which the behavior can be followed. Because of these constraints, one might question the capability for observing
macroscopically meaningful behavior; hence the fact that MD is able to produce realistic results is itself a surprising
outcome.
The ﬂuids are represented by systems of simple soft-sphere atoms that are subject only to short-range, excluded-
volume interactions. Standard MD techniques are employed (Rapaport, 2004). Flow is induced by custom-designed
boundary conditions and, where applicable, gravity, as described below. All that remains is to choose the system size
and other relevant parameters, so that the dimensionless quantities governing the ﬂow, here the Taylor and Rayleigh
numbers, have values suﬃciently large to produce the anticipated eﬀects (on macroscopic scales), and then run the
simulations to allow the systems to express themselves.
3.1. Taylor–Couette ﬂow
The Taylor–Couette phenomenon describes the formation of toroidal vortices in a ﬂuid conﬁned to an annular gap
between concentric cylinders, where the inner cylinder is rotating and the outer is at rest. At low rotation rates, gov-
erned by the dimensionless Taylor number, the ﬂow is purely azimuthal, but at a critical value, computable by means
of a stability analysis of the Navier-Stokes equations (Chandrasekhar, 1961), secondary ﬂow patterns appear that have
the form of regularly-spaced axisymmetric vortices. MD simulation has not only demonstrated its ability to reproduce
this phenomenon in a quantitatively correct fashion (Hirshfeld and Rapaport, 1998), but also the rate at which the sec-
ondary ﬂow structures appear, allowing a detailed comparison between experiment, theory and simulation (Hirshfeld
and Rapaport, 2000).
The curved cylinder walls drive the ﬂuid rotation by acting as nonslip boundaries, and also dissipate heat produced
by the sheared ﬂow (Hirshfeld and Rapaport, 1998). The walls are smooth, so to produce a nonslip eﬀect each atom
colliding with the wall is reﬂected with a new velocity having a random direction and ﬁxed magnitude; at the inner
wall the rotation velocity is added; the top and bottom end caps of the region reﬂect atoms elastically. To reduce
computational eﬀort only a single quadrant of the annular region is considered, with special periodic boundaries
accounting for the other quadrants.
Flow analysis requires spatial coarse-graining, in which the simulation region is subdivided into a grid of cells, and
the average properties evaluated for each cell based on the current occupant atoms; time-averaging is also applied. The
coarse-graining represents a compromise between capturing the ﬁne spatial and temporal details of the emerging ﬂow
patterns and reducing the sample ﬂuctuations. The image sequence in Fig. 2 shows the time-dependent development
of a set of four counter-rotating rolls by using snapshots of the streamlines of the azimuthally-averaged radial and
axial components of the ﬂow. Initially the ﬂow is purely azimuthal, so that no overall ﬂow is discernible, but as the
run progresses the evenly-spaced roll pattern gradually develops.
3.2. Rayleigh–Be´nard convection
The Rayleigh–Be´nard phenomenon – the ﬂow patterns produced by convection in a ﬂuid layer heated from below –
is another rich hydrodynamic instability. The principal dimensionless quantity governing the behavior is the Rayleigh
number, determined by the temperature diﬀerence between the horizontal walls, the layer width and various intrinsic
properties of the ﬂuid. There is a critical value marking the onset of convection (Chandrasekhar, 1961), where buoy-
ancy overcomes viscous drag, allowing convection to replace conduction as the mechanism for thermal transport.
Depending on the details of the system, a variety of convective ﬂow patterns can be observed, including concentric
or linear rolls, spirals and hexagons. Once again, MD has proved able to reproduce the principal features of the
phenomenon, initially only in 2d, but with increased computer performance, the full 3d behavior as well (Rapaport,
2006).
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Fig. 2. Development of counter-rotating Taylor–Couette rolls (Hirshfeld and Rapaport, 1998); color is used to indicate ﬂow direction.
Fig. 3. Streamline plot showing a hexagonal cell pattern (the system has periodic side boundaries) (Rapaport, 2006); color coding shows temperature
variation along the streamlines.
The MD approach is as described previously, with the addition of a mechanism for heat to be input at the bottom
wall and removed from the top, as well as an external gravitational ﬁeld. Coarse-grained ﬂow analysis is again
required. An example of the observed behavior appears in Fig. 3; in this case, after a long simulation run involving a
large system (over three million atoms and three million time steps) a hexagonal array of convection cells develops,
yet another surprising example of emergent behavior.
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4. Granular segregation
Granular dynamics is a ﬁeld replete with surprises; the mechanisms responsible for much of the counterintuitive
behavior remain a theoretical challenge because the behavior diﬀers strongly from systems governed by thermody-
namics and hydrodynamics. Segregation is the most prominent of these oddities, with the ability of granular mixtures
to separate into individual species, despite the absence of any obvious entropic or energetic beneﬁt, making this a
particularly fascinating class of phenomenon. Granular separation and mixing are involved in many kinds of indus-
trial processing covering a broad range of size scales, so that the capability to either cause or prevent segregation is
important.
Computer simulation plays an important role in helping to understand granular matter. One widely-used approach is
based on applying conventional MD methods to macroscopic particles, but with the inclusion of additional interactions
to represent friction and damping. A suitable choice of interaction allows simple spherical particles to represent the
irregular grains, although the approximations involved are empirical since a full prescription for characterizing friction
is unknown.
4.1. Rotating drum
The ﬁrst example considers segregation of a two-component mixture in a partially ﬁlled, horizontal, rotating drum
(Seiden and Thomas, 2011). This system is capable of exhibiting axial segregation, in which a pattern of bands
of alternating particle species forms along the drum axis; the bands merge and the pattern coarsens over time until
an apparently steady state is reached. A second form of segregation, more diﬃcult to observe, occurs in the radial
direction, yielding a core rich in small particles surrounded by an outer layer of mainly big particles; this core can
either be a transient state on the path to subsequent complete axial segregation, or a feature that persists irrespective of
whether axial segregation appears on the exterior. MD simulations have proved capable of reproducing the diﬀerent
types of segregation scenario (Rapaport, 2007).
The principal outcome of the simulations is the actual appearance of segregation; this is especially important since
it demonstrates that the underlying model adequately captures the eﬀects of friction. Snapshots showing axial and
radial segregation appear in Fig. 4. While the behavior obtained in a variety of diﬀerent runs depends on several
parameters, including the friction coeﬃcients, particle sizes and ﬁll levels, these two examples reveal well-developed
segregation patterns that apparently exhibit long-term stability.
4.2. Vibrating layer
The second example of segregation deals with a phenomenon yet to be observed in the real world, although it
is based on a combination of known eﬀects. Consider a layer of granular mixture that is vibrated vertically by a
base whose surface proﬁle consists of asymmetric sawtooth-like grooves. It is known experimentally that the grooves
produce horizontal ﬂow, with simulation (Levanon and Rapaport, 2001) revealing that the induced ﬂow rate varies with
height within the layer; even more surprising is the observation that oppositely directed ﬂows can exist simultaneously
at diﬀerent levels. Another more familiar phenomenon is the Brazil-nut eﬀect (Rosato et al., 1987), namely vertical
size segregation caused by vibration of a simple ﬂat base. When the two eﬀects are combined it seems plausible that
horizontal segregation might ensue.
Simulation does indeed demonstrate the appearance of horizontal segregation (Rapaport, 2001). The image se-
quence in Fig. 5 shows a typical example for a 2d system. Unlike the other case studies discussed in this paper, where
simulation is used to reproduce known phenomena, this example represents a hitherto unknown eﬀect; whether it is
real remains to be seen.
5. Conclusion
A series of examples of emergent phenomena have been studied using molecular dynamics simulation. Although
the systems themselves have little in common apart from the methodology, they share the ability to produce interesting
behavior whose a priori existence is far from obvious. While there are limitations to the MD approach, both conceptual
and computational, the present results oﬀer a tantalizing hint of what might be achieved in the future.
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Fig. 4. Axial and radial segregation in two simulations of granular mixtures in rotating drums (Rapaport, 2007); the interior organization of the
grains is also shown.
Fig. 5. Stages in the segregation of a horizontal layer on a vertically-vibrated base with a sawtooth proﬁle (Rapaport, 2001).
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